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ABSTRACT: Batch distillation is a commonly used unit operation in specialty
chemicals. In order to maximize profitability and improve separations using a batch
distillation column, optimal reflux operation can be used. The mathematical and
numerical complexities of the optimal control problem get worse when uncertainty is
present in the formulation. However, in the specialty chemical industry,
thermodynamic properties of not all chemical components of a mixture to be
separated are known. In reality, these components are treated as missing components
and their composition is merged with known components. These uncertainties in the
problem formulation can result in suboptimal solutions. In this work, we are
providing a new approach to solve this problem. We use Ito processes and stochastic
maximum principle for the formulation of the resulting stochastic optimal control
problem. This algorithm is implemented in the MultiBatchDS batch distillation
process simulator. Finally, a numerical case study derived from a real-world batch
distillation separation problem encountered at Firmenich is presented to show the
scope and application of the proposed approach.

1. INTRODUCTION

Batch distillation is a commonly used unit operation in the
specialty chemical and pharmaceutical industries. One of the
major problems in optimizing batch distillation operation for a
particular product specification is that the number of
components whose thermodynamic properties are known is
relatively small compared to the total number of chemicals in
the mixture. To circumvent this problem, the components are
merged, and a mixture of these merged components is used for
simulation and optimization. For example, Figure 1 shows the
gas chromatograph of several chemicals in a mixture used for
separation from Firmenich, a world-renowned specialty
chemical industry. There are more than ten components
present in this mixture, but they are merged into five major
chemical components whose properties are known.
To study this problem, we derived an example mixture

similar to the Firmenich mixture shown in Figure 1. Table 1
shows the relative volatility and composition of the proposed
mixture. From the table, it can be seen that relative volatility
and moles of components 1, 3, 5, and 7 are known exactly but,
for other components, only ranges are known. The common
approach to simulate and optimize the operation of such a
batch column is to merge components. Table 2 shows the
relative volatility and feed composition of the merged mixture.
We merged component 2 with 3, component 4 with 5, and
components 6 and 8 with 7 as suggested by the chemist from
Firmenich. Sections 1.1 and 1.2 present the optimization and
optimal control study carried out with this merged mixture
which is a common practice in the real world to handle these

problems. Since we do not know where exactly the example
mixture lies in the relative volatility and composition range, we
created 15 random sample mixtures from the ranges. We
assumed that the uncertainty can be represented by a normal
distribution spanning these ranges. In order to select these
random samples, we have taken samples from the normal
distribution as well as added some samples which represent the
end points of the distribution (low probability events). This
analysis is presented in the following subsection. This analysis
shows that clearly taking merged mixtures and optimizing the
column performance is suboptimal. We then used a new
approach to optimization and optimal control considering
uncertainty. This is presented in section 2, and section 3
presents results obtained using this approach. Finally, section 4
gives a summary of the paper.

1.1. Deterministic Optimization and Optimal Control.
The optimization problems in batch distillation mostly involve
optimal control problem where the time-dependent reflux
profile is determined by optimizing some performance index.
These problems are described below.

• Maximum Distillate Problem−where the amount of
distillate of a specified concentration for a specified time
is maximized1−8
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• Thermodynamic Efficiency Problem−where the thermo-
dynamic efficiency for a specified concentration of
distillate at a specified time is maximized8−10

• Minimum Time Problem−where the batch time needed
to produce a prescribed amount of distillate of a
specified concentration is minimized11−15,8

• Maximum Profit Problem−where a profit function for a
specified concentration of distillate is maximized5,8,16,17

Here in this work, we are considering the maximum profit
problem described by Kerkhoff and Vissers.16 Kerkhof and
Vissers were the first one to use a profit function for
maximization. The profit function they have used is given
below.

=
−
+

PD C F
T t

max profit
T R

r

s,

0

t

where D = total amount of product distilled [mol], Pr = sales
value of the product [$/mol], F = amount of feed [mol], C0 =
cost of feed [$/mol], T = batch time [h], ts = setup time for

each batch [h], and Rt = reflux ratio profile with respect to
time.
Diwekar12 provided a unified approach to solving various

optimization and optimal control problems in batch dis-
tillation. In this approach the problem can be converted as
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The inner problem is the maximum distillate optimal control
problem which can be solved using a modified formulation
using the maximum principle while the outer problem can be
solved as a nonlinear programming problem.
The inner maximum distillate problem can be formulated as
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where V = reboiler vapor rate [mol/h], xDav = average distillate
composition of component 1, and xD(1) = distillate
composition of component 1 at time t.
In the coupled approach only two differential equations are

considered for time dynamics with respect to component 1.
The rest of the components are assumed to be changing with
component 1, and short-cut model equations are used to
obtain the relation between bottom composition and top
composition (using the value of reflux ratio at time t and
number of plates). These two differential equations are given
below.
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Figure 1. Gas chromatograph of one of the Firmenich mixtures.

Table 1. Example Mixture Ranges for Relative Volatility and
Feed Composition

components relative volatility feed mixture (mol)

1 2.5488 9.03
2 1.8−2.3 5−10
3 1.5744 22.68
4 1.2−1.4 5−10
5 1 29.4
6 0.4−0.7 5−10
7 0.128 8.89
8 0.1−0.12 5−10

Table 2. Merged Components for the Example Mixture

components relative volatility feed mixture

1 2.5488 9.03
2 1.5744 30.18
3 1 36.9
4 0.128 23.89
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where B = amount remaining in the bottom, xB(1) = bottom
composition of component 1, and xD(1) = top composition of
component 1, and xF(1) = feed composition of component 1.
In the maximum principle approach to solving optimal

control number of adjoint variables and adjoint differential
equations added to the formulation equals that of state
variables, x (2 in this case). Additionally, the purity constraint
is added in the objective function with Lagrange multipliers.
This complicates the problem and adds several loops to the
problem. In the modified approach proposed by Diwekar,17 the
two adjoint variables are merged into one and purity constraint
is used to calculate an initial value for this adjoint variable. This
results in the following adjoint equation for the adjoint
variable, z, and an analytical expression for optimal reflux, Rt.
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The coupled NLP and optimal control problem is solved to
obtain the values of T and Rt. Figure 2 shows the optimal reflux
profile obtained for the merged mixture for the following batch
distillation column shown in Table 3.

The deterministic optimal profit found to be $2211 per
batch as compared to the constant reflux profit of $1300 per
batch.
1.2. Uncertainties Due to Missing Components. Since

we do not know where precisely the example mixture lies in
the relative volatility and composition range, we created 15
random sample mixtures from the ranges. We assumed that the

uncertainty could be represented by normal distribution
spanning these ranges. To select these random samples, we
have taken samples from the normal distribution (please see
Table 4) as well as added some samples which represent the

end points of the distribution (low probability events). These
mixtures are shown in Table 5. The last four mixtures
represent low probability events.
MultiBatchDS is specialized software developed by U.D. with

the help of Stochastic Research Technologies LLC, USA, and
Equinox Software limited, India.18 MultiBatchDS can simulate,
design, and optimize multiple column configurations, multiple
operating conditions including optimal control, and can
provide stochastic uncertainty analysis. Rigorous model in
MultiBatchDS are used as a proxy to experiment, and these
mixtures along with the deterministic optimal control profile
are used to simulate various possible scenarios. The profits
calculated are presented in Table 6. It can be seen that the
deterministic optimal control profile actually shows a loss in
many scenarios. Profit values are negative because the total
distillate collected of the specified purity is low. This calls for
stochastic optimal control instead of deterministic optimal
control.

2. MATERIALS AND METHODS
2.1. Ito Processes for Dynamic Uncertainties. The

Diwekar group19−23 has shown that static uncertainties (Table
3) in batch distillation result in dynamic uncertainties in
composition as shown in Figure 3. These uncertainties can be
captured using stochastic processes called Ito processes.19−23

Ito processes are a large class of continuous time stochastic
processes. One of the simplest examples of a stochastic process
is the random walk process. The Wiener process, also called a
Brownian motion, is a continuous limit of the random walk
and serves as a building block for Ito processes, through the
use of proper transformations.
A Wiener process satisfies three important properties. First,

it satisfies the Markov property. The probability distribution
for all future values of the process depends only on its current
value. Second, it has independent increments. The probability
distribution for the change in the process over any time
interval is independent of any other time interval (non-
overlapping), and third, changes in the process over any finite
interval of time are normally distributed, with a variance which
is linearly dependent on the length of time interval, dt. The
general equation of an Ito process is given below:

= +x a x t t b x t zd ( , )d ( , )d

In this equation, dz is the increment of a Wiener process, and
a(x, t) and b(x, t) are known functions. There are different
forms of a(x, t) and b(x, t) for various Ito processes. In this

Figure 2. Deterministic optimal reflux profile for the merged mixture.

Table 3. Batch Specification

feed 100 mol
number of plates 14
product specification 0.6 (for component 1)
batch time 1.1
constant reflux to obtain the purity with batch time
1.1

7.0

cost of raw materials, C0/mol $100
cost of product Pr/mol $3000

Table 4. Uncertainties Due to Missing Data

components relative volatility feed mixture

1 2.5488 9.03
2 normal 1.8−2.3 normal 5−10
3 1.5744 22.68
4 normal 1.2−1.4 normal 5−10
5 1 29.4
6 normal 0.4−0.7 normal 5−10
7 0.128 8.89
8 normal 0.1−0.12 normal 5−10
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equation, dz can be expressed by ε=z td dt , where εt is a
random number drawn from a unit normal distribution.
The simplest generalization of the equation above is the

equation for Brownian motion with drift given by

α σ= +x t zd d d
where α is called the drift parameter and σ is the variance
parameter.
Figure 3 shows uncertainties in multiple components. The

Ito processes which fit these uncertainties are found to be

simple Brownian motion processes with drift. However, when
we analyzed the spread of the uncertain region (Table 7), it has
been found that the Ito process is significant for the first
component. This allows for discrete Ito processes to be used
for other components and a stochastic differential equation is
used for component 1. This is shown in the following
equations.
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where σi = standard deviation of the Ito process for component
i and ε=z td d , where ε is a random number derived from
the unit normal distribution.
The quasi-steady state for other components is given by
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2.2. Stochastic Optimization and Optimal Control.
Since the differential equations now include terms with Ito
processes, the coupled optimization and optimal control

Table 5. Sample Mixtures from the Probability Distributions

sample mixture comp 1 comp 2 comp 3 comp 4 comp 5 comp 6 comp 7 comp 8

1 α(i) 2.5488 2.1387 1.5744 1.2847 1 0.5137 0.128 0.1155
xF(i) 0.0893 0.0742 0.2242 0.0877 0.2906 0.0760 0.0879 0.0704

2 α(i) 2.5488 2.1868 1.5744 1.3242 1 0.5388 0.128 0.1045
xF(i) 0.0919 0.0782 0.2309 0.0745 0.2993 0.0673 0.0905 0.0673

3 α(i) 2.5488 2.1105 1.5744 1.3355 1 0.6321 0.128 0.1107
xF(i) 0.0905 0.0663 0.2273 0.0691 0.2947 0.0841 0.0891 0.0790

4 α(i) 2.5488 2.0882 1.5744 1.2758 1 0.5612 0.128 0.1076
xF(i) 0.0866 0.0851 0.2176 0.0805 0.2821 0.0851 0.0853 0.0778

5 α(i) 2.5488 2.0118 1.5744 1.2926 1 0.6032 0.128 0.1135
xF(i) 0.0910 0.0817 0.2285 0.0775 0.2963 0.0618 0.0896 0.0737

6 α(i) 2.5488 1.9613 1.5744 1.3074 1 0.55 0.128 0.1065
xF(i) 0.0901 0.0730 0.2264 0.0787 0.2934 0.0730 0.0887 0.0767

7 α(i) 2.5488 1.9895 1.5744 1.3153 1 0.4968 0.128 0.1115
xF(i) 0.0907 0.0843 0.2279 0.0616 0.2954 0.0814 0.0893 0.0693

8 α(i) 2.5488 2.0314 1.5744 1.2645 1 0.4679 0.128 0.1085
xF(i) 0.0907 0.0616 0.2279 0.0754 0.2954 0.0754 0.0893 0.08428

9 α(i) 2.5488 2.0686 1.5744 1.2453 1 0.5863 0.128 0.1093
xF(i) 0.0918 0.0724 0.2306 0.0672 0.2989 0.0724 0.0904 0.0763

10 α(i) 2.5488 2.05 1.5744 1.3547 1 0.5271 0.128 0.1124
xF(i) 0.0896 0.0782 0.2251 0.0706 0.2918 0.06843 0.0882 0.0880

11 α(i) 2.5488 1.9132 1.5744 1.3 1 0.5729 0.128 0.11
xF(i) 0.0912 0.0696 0.2290 0.0819 0.2969 0.0796 0.0898 0.0619

12 α(i) 2.5488 1.8 1.5744 1.2 1 0.4 0.128 0.12
xF(i) 0.0903 0.075 0.2268 0.075 0.294 0.075 0.0889 0.075

13 α(i) 2.5488 1.8 1.5744 1.2 1 0.4 0.128 0.12
xF(i) 0.1003 0.0556 0.2520 0.0556 0.3267 0.0556 0.0988 0.0556

14 α(i) 2.5488 2.3 1.5744 1.4 1 0.7 0.128 0.1
xF(i) 0.0903 0.075 0.2268 0.075 0.294 0.075 0.0889 0.075

15 α(i) 2.5488 2.3 1.5744 1.4 1 0.7 0.128 0.1
xF(i) 0.1003 0.0556 0.2520 0.0556 0.3267 0.0556 0.0988 0.0556

Table 6. Deterministic Profits for Sample Mixtures

mixture profit (det) × 102

1 −200
2 −200
3 −200
4 −200
5 −200
6 −37.8605
7 −200
8 −13.06
9 −37.864
10 −200
11 −23.1286
12 4.229
13 23.8766
14 −200
15 4.228

Industrial & Engineering Chemistry Research Article

DOI: 10.1021/acs.iecr.9b02242
Ind. Eng. Chem. Res. 2019, 58, 17455−17461

17458

http://dx.doi.org/10.1021/acs.iecr.9b02242


problem becomes stochastic optimization and stochastic
optimal control problem with the following objective function.
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the coupled approach presented earlier can be used to solve
this problem. However, we have to use the stochastic
maximum principle15 to solve the underlying optimal control
problem. The modified stochastic maximum principle adds the
merged adjoint variable as well as a variable representing

second-order terms. The analytical expression of reflux
includes additional stochastic terms as given below.
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2.3. Overall Approach. The overall approach to solve this
problem is shown in Figure 4. The first iterative loop in Figure
4 generates the time-dependent profile from the sample
simulation. The values from these simulations are used to
derive the Ito processes representation. These Ito processes are
then used in stochastic optimal control loop to obtain optimal
control profile. This profile is provided to rigorous model to
generate the sample scenarios.

3. RESULTS AND DISCUSSIONS
The coupled approach is used to solve the maximum expected
profit problem. The optimal reflux profile obtained is shown in
Figure 5. The expected profit is found to be $1840 per batch. It
can be seen from Figure 4 that the stochastic profile is
significantly different than the deterministic profile. Again the
same mixtures were used with the new profile to obtain profits
for the mixtures. This is presented in Table 8. It can be seen
that for the stochastic cases most of the mixtures show

Figure 3. Dynamic uncertainties resulted from static uncertainties (Table 3).

Table 7. Maximum Percent Change in Ito Processes and σis

component max % change σi

1 33.333 0.001572721
2 1.369863 0.010815823
3 0.6024 0.004440619
4 0.625 0.003057177
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significant profits for which the deterministic case shows losses.
The two cases where a stochastic profile produces losses and a

deterministic profile provides profits are the cases with low
probability scenarios.
Although, this case study involved mostly ideal components,

the approach is applicable to nonideal systems also. Since no
data for the missing components is available, the components
will be represented in terms of relative volatility with respect to
known (ideal or nonideal) components. For known
components actual thermodynamic models representing the
nonideality will be used. Ito’s lemma can be applied to
nonideal systems as we have shown it in refs 21−23.

4. SUMMARY
Mixtures containing some components with no or little
thermodynamic data is a commonly observed problem in the
specialty chemicals industry. Optimizing merged components
as is the current practice, results in suboptimal solutions and
many times losses instead of profits. A robust approach is to
characterize the uncertainties as Ito processes and use
stochastic optimal control approaches. This approach ensures
a high probability of having profits with a particular mixture. In
the future, this approach will be applied to other real-world
case studies, and results will be validated with actual
experiments.

■ AUTHOR INFORMATION
Corresponding Author
*Email: urmila@vri-custom.org.
ORCID
Urmila Diwekar: 0000-0002-0933-5865
Notes
The authors declare no competing financial interest.

■ REFERENCES
(1) Converse, A. O.; Gross, G. D. Optimal distillate policy in batch
distillation. Ind. Eng. Chem. Fundam. 1963, 2, 217−221.
(2) Keith, F.; Brunet, M. Optimal operation of a batch packed
distillation column. Can. J. Chem. Eng. 1971, 49, 291−294.
(3) Murty, B.S.N.; Gangiah, K.; Husain, A. Performance of various
methods in computing optimal control policies. Chemical Engineering
Journal 1980, 19, 201−208.
(4) Diwekar, U. M.; Malik, R. K.; Madhavan, K. P. Optimal reflux
rate policy determination for multicomponent batch distillation
columns. Comput. Chem. Eng. 1987, 11, 629−637.
(5) Logsdon, J. S.; Diwekar, U. M.; Biegler, L. T. On the
simultaneous optimal design and operation of batch distillation
columns. Trans. IChemE 1990, 68, 434−444.
(6) Farhat, S.; Czernicki, M.; Pibouleau, L.; Domenech, S.
Optimization of multiple-fraction batch distillation by nonlinear
programming. AIChE J. 1990, 36, 1349−1360.
(7) Stojkovic, M.; Gerbaud, V.; Shcherbakova, N. Cyclic operation
as optimal control reflux policy of binary mixture batch distillation.
Comput. Chem. Eng. 2018, 108, 98−111.
(8) Jain, S.; Kim, J.-K.; Smith, R. Operational Optimization of Batch
Distillation Systems. Ind. Eng. Chem. Res. 2012, 51 (16), 5749−5761.
(9) Zavala, J. C.; Coronado, C. Optimal Control Problem in Batch
Distillation Using Thermodynamic Efficiency. Ind. Eng. Chem. Res.
2008, 47 (8), 2788−2793.
(10) Bonny, L. Multicomponent Batch Distillations Campaign:
Control Variables and Optimal Recycling Policy. A Further Note. Ind.
Eng. Chem. Res. 2013, 52 (5), 2190−2193.
(11) Balsa-Canto, E.; Vassiliadis, V. S.; Banga, J. R. Dynamic
Optimization of Single- and Multi-Stage Systems Using a Hybrid
Stochastic−Deterministic Method. Ind. Eng. Chem. Res. 2005, 44 (5),
1514−1523.

Figure 4. Schematic diagram for solution procedure.

Figure 5. Deterministic and stochastic optimal control profiles.

Table 8. Sample Mixture Profits Deterministic as Well as
Stochastic

mixture profit (det) × 103 profit (stocha) × 102

1 −200 16.7329
2 −200 16.1453
3 −200 19.1652
4 −200 11.1569
5 −200 18.4327
6 −37.8605 19.1652
7 −200 18.7117
8 −13.06 18.0778
9 −37.864 19.3476
10 −200 18.0778
11 −23.1286 17.2752
12 4.229 17.9064
13 23.8766 20.8965
14 −200 −21.2815
15 4.228 20.5372

Industrial & Engineering Chemistry Research Article

DOI: 10.1021/acs.iecr.9b02242
Ind. Eng. Chem. Res. 2019, 58, 17455−17461

17460

mailto:urmila@vri-custom.org
http://orcid.org/0000-0002-0933-5865
http://dx.doi.org/10.1021/acs.iecr.9b02242


(12) Coward, I. The time optimal problems in binary batch
distillation. Chem. Eng. Sci. 1967, 22, 503−516.
(13) Coward, I. The time optimal problems in binary batch
distillation, a further note. Chem. Eng. Sci. 1967, 22, 1881−1884.
(14) Hansen, T. T.; Jorgensen, S. B. Optimal control of binary batch
distillation in tray or packed columns. Chemical Engineering Journal
1986, 33, 151−155.
(15) Mujtaba, I. M.; Macchietto, S. Optimal control of batch
distillation. IMAC World Conference, Paris, 1988.
(16) Kerkhof, L. H.; Vissers, H. J. M. On the profit of optimum
control in batch distillation. Chem. Eng. Sci. 1978, 33, 961−970.
(17) Diwekar, U. M. Unified approach to solving optimal design-
control problems in batch distillation. AIChE J. 1992, 38, 1551−1563.
(18) Diwekar, U. Batch Distillation: Simulation, Optimal Design and
Control, 2nd ed.; CRC Press, 2012.
(19) Rico-Ramirez, V.; Diwekar, U. Stochastic maximum principle
for optimal control under uncertainty. Comput. Chem. Eng. 2004, 28,
2845−2849.
(20) Rico-Ramirez, V.; Morel, B.; Diwekar, U. Real option theory
from finance to batch distillation. Comput. Chem. Eng. 2003, 27,
1867−1882.
(21) Ulas, S.; Diwekar, U. Thermodynamic uncertainties in batch
processing and optimal control. Comput. Chem. Eng. 2004, 28, 2245−
2258.
(22) Ulas, S.; Diwekar, U.; Stadtherr, M. Uncertainties in parameter
estimation and optimal control in batch distillation. Comput. Chem.
Eng. 2005, 29, 1805−1814.
(23) Diwekar, U. Introduction to Applied Optimization, 2nd ed.;
Springer, 2008.

Industrial & Engineering Chemistry Research Article

DOI: 10.1021/acs.iecr.9b02242
Ind. Eng. Chem. Res. 2019, 58, 17455−17461

17461

http://dx.doi.org/10.1021/acs.iecr.9b02242

